The Kohn variational principle for the scattering amplitude is derived in a heuristic way different from the usual procedure. This principle is applied to the calculation of the S-phase shifts and the differential cross sections for neutron-proton scattering up to about 200 MeV. A central force involving the hard core is taken. The shape of the potential is assumed to be exponential. The results of the variational calculation are compared with those of the exact calculation and with experiments. The agreement among them is comparatively good in view of the simplicity of the trial functions and the potential. § 1. Introduction
The two-nucleon data can reasonably be explained by local potential models 1 ), 2) up to about 300 MeV of laborato~y energy. In the framework of these models, it is possible to obtain the exact solution to the two-nucleon problem analytically or numerically once a potential is given. In many-nucleon problems, on the other hand, no such exact solution is available with any local potential between nucleons.
In particular, in order to approach the interesting problem involving three nucleons, we must necessarily make certain kinds of approximation. Now, among various means of approximate calculation of a many-nucleon problem, especially of a three-nucleon problem, variational methods 3 ) are known to be effective. 4 ) These methods are expected to have a more practical value if we intend to include the strong short range repulsive interaction which exists in the realistic nuclear forces. 1 ), 2) In fact, in the calculation of nucleon-deuteron scattering, the conventional methods such as no-polarization approximation 5 ) will no longer be adequate in the presence of the correlation effect arising from that short range interaction.
The usefulness of the variational methods, however, essentially depends on the choice of the appropriate trial functions, which are not always so simple to find. The primary purpose of this paper is to study the utility of the variational methods for a scattering problem through the calculation of neutron-proton scattering, with a view to finding any guiding clue to the choice of the trial functions, say, in the future variational calculation of nucleon-deuteron scattering.
We first derive the variational principle due to Kohn 6 ) for the scattering amplitude in a way different from the usual procedure. We then apply this principle to the calculation of the scattering amplitudes for neutron-proton scattering. In doing this, we shall mainly be interested in how to perform a practical
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calculation of the scattering amplitude using the variational method and what agreement or discrepancy will be found between the exact calculation and the variational one by choosing the trial functions as simple as possible, rather than performing a detailed calculation with elaborated trial functions.
Further, in order to make the discussion not too involved to obscure the physical insight, we assume only a central force with the hard core. We use the potential of an exponential shape proposed by Ohmura, Morita and Yamada
)
which fits the low energy neutron-proton data. From a phenomenological viewpoint, we shall also investigate to what extent such a simplified potential can fit the neutron-proton data up to about 200 MeV.
In § 1, we establish the Kohn variational principle for the scattering amplitude of two-body scattering in a general form. In § 2, the Kohn variational principle is formulated for a practical calculation of neutron-proton scattering with the insertion of assumed trial functions. In § 3, the numerical results are gIVen. Section 4 is devoted to concluding remarks. § 2. Derivation of the Kohn variational 
and 0' is the angle between -k f and the direction of the outgoing wave. By the reciprocity theorem we have
In the usual manner the scattering amplitude f(O) IS given by
It is to be noted here that from (3) 
The term S2<jJ thus represents the contribution from the surface of the hard core. Now, let a trial function for <j J be <jJt and behave as
We also define an adjoint trial function $'t as follows:
for In a similar way as in the derivation of (14), we then get 
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In (24) 
Rewri ting ¢ as (¢ -<f t) + <f t in the second term of (27) yields 
Since (¢ -<ft) as well as ocp involves no plane wave but only outgoing spherical wave asymptotically, we can put the last term of (28), by integration by parts, into
On the other hand, the second term of (28) is rewritten as
Combining (29) with (30) then yields
This relation is just an extension of the identity derived by Kat0 8 ) for the phase shift. *) We thus obtain the following stationary expression for the scattering amplitude:
(32) which agrees with fee) up to first order in ocp as well as o<f and represents just the desired variational principle due to Kohn.
)
*) The author is· indebted to the late Prof. T. Ohmura of Nihon University for pointing out the connection between (31) and the Kato identity.
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K. Hasegawa
The usual derivation of the Kohn variational principle starts from such a bilinear form as is given by the integral (33) which is defined at the very beginning, whereas we have derived that bilinear form as a consequence of (14) and (24). We therefore remark that our derivation of (32) is more heuristic than the usual one in the sense that the former will be readily extended to many-body scattering; indeed, for many-body scattering the expressions corresponding to (14) and (24) will be easily obtained, while it will be in general not so simple to guess the appropriate bilinear form corresponding to (33). Now, in a practical calculation using (32), we shall choose some trial functions </Jt and (ft which involve several adjustable parameters to be fixed by requiring (32) to be stationary in variation of these parameters. *) We apply this method to the calculation of neutron-proton scattering in the next section. § 3. Variational calculation of neutron-proton scattering
We consider neutron-proton scattering up to about 200 Me V, for which the effects of the hard core as well as higher partial waves will become important. We assume the potential of an exponential shape:
which is proposed by Ohmura, Morita and Yamada
7
) for even parity states; the values of the potential parameters which we use in the present paper are listed in Table 1 . We further neglect the potential in odd parity states throughout, for the angular distribution of neutron-proton scattering up to 200 MeV is roughly symmetric about 90°.
In order to choose the trial functions, we first consider the partial wave decomposition of the exact wave functions: State 
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where u~(r) and u~(r) are so normalized as to behave for r->ex> (
ln )
u~ (r) ~sin kr-2 + o~ ,
As III the usual manner we obtain
By the reciprocity theorem (13), we have 1f~=o~,
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Since the potential now acts only in the even parity states, we have for all odd l
and (45) j~ (kr) being the spherical Bessel function of the lth order. Now, by the existence of the hard core the S wave will be distorted most strongly whereas the dsitortion of the higher partial waves will be comparatively small, except that they should all be zero inside the hard core. We shall therefore put the S-wave part of the trial function in a rather elaborated form while the higher partial wave parts in a form as simple as possible. We thus employ the trial functions of the following form for each spin state: 
The adjustable parameters are then VO, h and a for each spin state. The S-wave trial function we' as defined by (49), is a simple extension of the one employed in reference 9) for a potential without hard core. The function g (r) has been introduced of course to remove the singular region due to the hard core. Insertion of these trial functions into the stationary expression (32) yields where
8n .
with (56)
The integrals appearmg m (54) and (55) are all readily evaluated and put into a closed form. It is easily seen that fk given by (53) depends on the parameter a only through its real part. We now impose the following two alternative conditions, (A) and (B), on (53) to determine the adjustable parameters at each energy and scattering angle. 
The condition (60) is similarly put into 63) is a stationary ex pression for the S-phase shift. Therefore the value which 1S most likely to be true for the S-phase shift 00 is obtained as a by-product in the course of the calculation using the methods (A) and (B), and is ~iven by (64) § 4. Numerical results
We have made numerical calculations at the laboratory energies: 42, 90, 128, 156 and 215 MeV.
In Table II , we list the numerical results for the S-phase shifts obtained by the methods (A) and (B) described in the preceding section. The exact solutions and the empirical values are also shown for comparison. The values of the parameter h adjusted by the methods (A) and (B) are listed in Table III . As an example, the behavior of }" as is given by (63), in variation of hand '10 using their detailed potential model. is shown in Fig. 1 for spin singlet state at 128 MeV. It turns out that the results of the variational calculations agree satisfactorily with those of the exact solutions as well as the empirical values. G waves; the calculated phase shifts are listed in Table II for the S wave and in Table IV for the D and G waves.
There is no appreciable difference graphically between the calculated angular distributions obtained by the method (A) and the method (B), respectively. Throughout all energies and scattering angles for both spin states, the behavior of fk in variation of the parameter a is quite fiat and the stationary points are found at about a = 17. A qualitative behavior of the real part of fk in variation of a is shown in Fig. 4 ; the imaginary part of fie is independent of a. We The results for the differential cross sections are, on the other hand, not so satisfactory as those for the S-phase shifts. In particular, the present vanational calculation becomes even poorer in the forward (similarly in the backward) directions and at high energies. This will probably be due to the simplicity of the trial functions for the higher partial waves, as given by (51). Indeed, these trial functions are nothing more than the unperturbed waves except that they are multiplied by the cutoff function g (r), which involves only one parameter a in a simple way. We nevertheless remark that we have obtained a comparatively good agreement between the results of the variational calculation, those of the exact calculation and the experimental data up to about 200 MeV even with such simple trial functions and potential as employed in the present paper.*) Further, it has turned out that the results of the variational calculation are quite insensitive to the variation of the parameter a as long as a is greater than 4 for both spin states throughout all energies and scattering angles. Therefore, if the parameter a is thoroughly fixed at some value greater than 4, say, at a = 17, as in the present paper, the trial functions of the form (51) with (52) may be employed as reasonable approximate wave functions in a calculation of neutron-proton scattering using the hard core potential. Such a treatment may then be regarded as a simple extension of the Born approximation to the case of the hard core potential and is expected to have its practical utility especially in the calculation of neutron-deuteron scattering.
In a subsequent paper we shall deal with an extension of the Kohn variational principle to neutron-deuteron scattering at arbitrary energies, following the method of derivation of this principle described in the present paper.
